This paper pays attention to magnetic flux linkage optimization of a direct-driven surface-mounted permanent magnet synchronous generator (D-SPMSG). A new compact representation of the D-SPMSG nonlinear dynamic differential equations to reduce system parameters is established. Furthermore, the nonlinear dynamic characteristics of new D-SPMSG equations in the process of varying magnetic flux linkage are considered, which are illustrated by Lyapunov exponent spectrums, phase orbits, Poincaré maps, time waveforms and bifurcation diagrams, and the magnetic flux linkage stable region of D-SPMSG is acquired concurrently. Based on the above modeling and analyses, a novel method of magnetic flux linkage optimization is presented. In addition, a 2 MW D-SPMSG 2D/3D model is designed by ANSYS software according to the practical design requirements. Finally, five cases of D-SPMSG models with different magnetic flux linkages are simulated by using the finite element analysis (FEA) method. The nephograms of magnetic flux density are agreement with theoretical analysis, which both confirm the correctness and effectiveness of the proposed approach. Abstract: This paper pays attention to magnetic flux linkage optimization of a direct-driven surface-mounted permanent magnet synchronous generator (D-SPMSG). A new compact representation of the D-SPMSG nonlinear dynamic differential equations to reduce system parameters is established. Furthermore, the nonlinear dynamic characteristics of new D-SPMSG equations in the process of varying magnetic flux linkage are considered, which are illustrated by Lyapunov exponent spectrums, phase orbits, Poincaré maps, time waveforms and bifurcation diagrams, and the magnetic flux linkage stable region of D-SPMSG is acquired concurrently. Based on the above modeling and analyses, a novel method of magnetic flux linkage optimization is presented. In addition, a 2 MW D-SPMSG 2D/3D model is designed by ANSYS software according to the practical design requirements. Finally, five cases of D-SPMSG models with different magnetic flux linkages are simulated by using the finite element analysis (FEA) method. The nephograms of magnetic flux density are agreement with theoretical analysis, which both confirm the correctness and effectiveness of the proposed approach.
Introduction
In wind energy applications, variable speed wind turbines have many advantages over fixed-speed generation such as increased energy capture, operation at maximum power point, improved efficiency, and power quality [1, 2] . Presently, doubly fed induction generators (DFIGs) are widely used as the generators in a variable speed wind turbine system. In the case of DFIGs, there is a requirement for the gearbox to match the turbine and rotor speed. The gearbox often suffers from faults and requires regular maintenance, making the system unreliable [3] . The reliability of the variable-speed wind turbine can be improved significantly by using a direct-driven surface-mounted permanent magnet synchronous generator (D-SPMSG). D-SPMSG has received much attention in wind-energy application because of its property of self-excitation, which allows an operation at a high power factor and high efficiency [4, 5] . The use of a permanent magnet in the rotor of the D-SPMSG makes it unnecessary to supply magnetizing current through the stator for constant air-gap flux; the stator current needs only to be torque producing [6] . Hence, for the same output, the D-SPMSG will operate at a higher power factor because of the absence of the magnetizing current and will be more efficient than other machines [7] .
It is well known that the existing mathematical models of generators are multi-variable, nonlinear, and strongly coupled; therefore, these systems can exhibit complex behaviors [8] [9] [10] [11] . It is now a common belief that understanding and utilizing the rich dynamics, such as bifurcations and chaos, of nonlinear systems have an important impact on the modern technology [12] [13] [14] [15] [16] . A D-SPMSG is a kind of high-efficient and high-powered generator, and there are still some problems in the D-SPMSG, which exhibits chaotic behavior when parameters of the D-SPMSG are changed or have some special operating conditions [17, 18] . The chaotic behavior in D-SPMSG is undesirable since it can degrade the performance of, and even destroy the stability of the generator and make the system collapse. With the development of permanent-magnet materials, the unique advantage of D-SPMSG is increasingly evident and it is widely used in wind power systems [19, 20] . In this pursuit, however, research on bifurcation and chaotic phenomena of the D-SPMSG is still behind the rapidly evolving trend of nonlinear sciences and engineering.
In this paper, we have analyzed the influence of magnetic flux linkage change on D-SPMSG dynamics behavior. One representative method to optimize magnetic flux linkage is adjusting the size of the permanent magnet, thereby magnetic flux density will also be affected. Accordingly, in the process of D-SPMSG magnetic flux linkage optimization, if the value of the magnetic flux linkage is too small, it will affect the performance of the generator to reach the operational requirements, and if the value of the magnetic flux linkage is too large, it will cause unstable operation, overheating and unit vibration of D-SPMSG. Additionally, traditional design of permanent magnet size is estimated using the empirical formula, and many of the parameters in the formula are empirical values, e.g., [21] , this does not guarantee the accuracy and reliability of the final design result [22, 23] . Moreover, the design optimization method of permanent magnets based on analytical methods and finite element analysis is not only computationally cumbersome, but also difficult for finding the optimal solution. In recent years, some scholars adopted intelligent optimization algorithms to design the permanent magnet, which improves the overall design quality, but intelligent algorithms are not deterministic algorithms, and the establishment of specific target function is very complex, e.g., [24] [25] [26] . To the best of the authors' knowledge, there are few studies on magnetic flux linkage optimization of D-SPMSG by using a nonlinear theory. Therefore, the study of magnetic flux linkage optimization becomes a necessary and important issue.
In this paper, the proposed method reduces the complexity of the system by affine transformation, and designs the permanent magnet combined with the nonlinear mathematical analysis. To contrast with the above-mentioned method, the proposed method can be achieved more easily, improves the reliability of the design and reduces the design cycle. Motivated by the above discussion, in this study, we have three advantages which make our approach attractive compared with the prior works. Firstly, by incorporating a class of transformations, a new compact form of the D-SPMSG nonlinear dynamic differential equations is established, which results in a significant reduction in the number of parameters involved, and thus, significantly reduces the complexity associated with the dynamic analysis. Secondly, by using the compact form, the nonlinear dynamic characteristics of D-SPMSG in the process of varying magnetic flux linkage is considered. Thirdly, a novel method of magnetic flux linkage optimization is proposed based on nonlinear dynamic analysis and the finite element analysis of D-SPMSG is studied in detail by using ANSYS software (Version 14.5).
The rest of the paper is organized as follows: in Section 2, a new compact form of the D-SPMSG nonlinear dynamic differential equation is established. According to the practical design requirements, a 2 MW D-SPMSG 2D/3D model is designed by ANSYS software in Section 3. Section 4 analyzes the nonlinear dynamical behaviors of the presented system in the process of magnetic flux linkage variations. In Section 5, a novel method of magnetic flux linkage optimization based on nonlinear dynamic analysis is presented and finite element analysis (FEA) is used to demonstrate the correctness and effectiveness of the proposed approach. Section 6 provides the conclusions of the paper.
System Modelling

Conventional Direct-Driven Surface-Mounted Permanent Magnet Synchronous Generator (D-SPMSG) for Wind Power
Usually, we use d-q rotor coordinate systems, which will synchronous rotation with rotors. Therefore, we can easily get the space vectors of D-SPMSG as shown in Figure 1 . Thus, we can get the voltage equation, magnetic flux linkage equation, torque equation and motion equation as follows:
where ω e = n p ω.
Magnetic flux linkage equations
3. Torque equation
4. Motion equation Then, the electrical dynamics of the D-SPMSG can be expressed as: 
It is obvious that the D-SPMSG system (5) under study represents highly nonlinear systems, and, in the process of design and dynamic analysis, can become greatly complex. In view of the dynamic characteristics, and due to the nature of the nonlinear system, one must include the external inputs in the parameter set. Therefore, the system dynamic characteristics can be formulated by ten parameters:
Below, we adopt an approach to transforming the systems' equations of motion to compact forms, whereby the number of system parameters is greatly reduced.
Transformation to the Compact Representation
In this section, the affine transformation method is adopted to transform the D-SPMSG Equation (5) into the new representation, which enables us to discuss the effect of the system's dynamic behavior in a compact form. In geometry, an affine transformation is a function between affine spaces which preserves points, straight lines and planes. In addition, sets of parallel lines remain parallel after an affine transformation. An affine transformation does not necessarily preserve angles between lines or distances between points, though it does preserve ratios of distances between points lying on a straight line. An affine transformation can preserve the collinearity relation between points, the ratios of vectors along a line, and, more generally, barycenters of weighted collections of points.
To proceed, we will consider a class of transformation form described by
where
T are the three-dimensional state vectors of the system (5);
T are the three-dimensional state vectors we need; M is the 3 × 3 diagonal matrix; and Λ is the 3 × 1 constant vector.
Hence, we can get dx
and define another transformation as: dx
where N is the 3
Theorem 1. The stability characteristics of the system (5) are preserved under transformations (7) and (8).
Proof of Theorem 1. Without loss of generality, a dynamical system described by:
where f ∈ R n , ∆ ∈ R m and g is an n × m matrix. Applying the equilibrium condition to Equation (9), we have
Applying the transformations defined by Equation (7) and (8) to system (9), we obtain
Using the equilibrium condition to (11), we have
Therefore, it is showed that the equilibrium solutions of (9) are the same as those for (11) . Furthermore, the stability of the system (9) is determined by the eigenvalues of the Jacobian matrix
For system (11), according to Equations (11) and (6), we can get the Jacobian matrix
which indicates that J and ⌢ J are similar; accordingly, they have the same eigenvalues.
Consequently, after the transformations (7) and (8), the stability characteristics of the system (5) are preserved.
In order to transform the equations of motion for a conventional D-SPMSG Equation (5) to a compact form, and determine an optimum value of the magnetic flux linkage ψ f , we present the following transformation:
Then, after transformations (7) and (8), we obtain
Equation (18) constitutes a compact representation for the differential equations governing the dynamics of a conventional D-SPMSG. Comparing the original Equation (5) to the compact form Equation (18), it is obvious that the number of parameters has been reduced from ten to six. Therefore, the characteristics of a given D-SPMSG can be described in terms of µ, ϑ and ψ f , and the compact representation significantly facilitates the design and dynamic analysis process.
During the actual generator design process, the external input torque is not the main parameter of generator design, but only needs to meet the design requirements of the rated parameters and main dimensions; thereby, the external input torque does not need to be taken into account in the generator design process. Moreover, the modeling and simulation start from the initial time, i.e., time = 0. Therefore, just under the research background of the generator design in this study, we (18) can be rewritten as:
Below, we will establish an actual size model of D-SPMSG.
Design of 2MW D-SPMSG
To obtain the necessary parameters for analysis, the dynamic behaviors of system (24) and prepare for finite element analysis, a 2 MW D-SPMSG 2D/3D model is designed by ANSYS software according to the practical design requirements. The rated parameters and main dimensions are listed in Table 2 . The 2 MW D-SPMSG 2D/3D model is shown in Figure 2 . Table 2 . Direct-driven surface-mounted permanent magnet synchronous generator (D-SPMSG) design requirements: rated parameters and main dimensions.
Parameters
Descriptions Values Then, the necessary system parameters that we need can be obtained, as listed in Table 3 . Thus, by calculating Equations (19) and (20) we can get µ = 0.6, ϑ = 6.3776. Below, we will analyze the basic dynamic behaviors of system (24) . 
Basic Dynamic Behavior Analysis
To determine an optimum value of the magnetic flux linkage ψ f in the generator design with a novel design concept by using nonlinear dynamics theory, with ψ f varying, the dynamical behaviors of system (24) are further investigated by equilibrium point, Lyapunov spectrum, bifurcation diagram, phase portrait, and so on.
Dissipativity and Attractor Existence
The dissipativity of the system (24) is obtained by
Obviously, from Equation (20) we can get ϑ > 0, thus, ∇V < 0. Therefore, the system (24) is a dissipative system with an exponential rate of contraction as:
This means that initial volume V(0) will shrink to V(0)e (−2−2ϑ/3)t at time t, and when t → ∞, volume element V(0) shrinks to zero. Therefore, all trajectories of the system will be confined to a subset whose volume is zero. In addition, the movement behaviors are gradually fixed in an attractor.
Equilibrium and Stability
The equilibrium point of system (24) can be found by solving the following equations:
By calculating, we can easily get three equilibrium points of system (24), as below The corresponding Jacobian matrix of system (24) at the equilibrium point P i (x i,0 , y i,0 , z i,0 ), i = 1, 2, 3, is depicted by
Then, the characteristic equation is given as
Because the parameters µ, ϑ and ψ f in system (24) are all positive, the range of magnetic flux linkage ψ f can be derived from (30) and (33).
• For equilibrium point P 1 , the characteristic equation is
If the system is stable at the equilibrium point P 1 , then the real parts of all the roots must be negative. According to the Routh-Hurwitz criterion, system (24) must satisfy the following conditions:
Then, we can get
Thus, 0 < ψ f < 1.3608.
• For equilibrium points P 2 and P 3 , the characteristic equation is
If the system is stable at the equilibrium points P 2 and P 3 , then the real parts of all the roots must be negative. According to the Routh-Hurwitz criterion, system (24) must satisfy the following conditions:
Thus, ψ f > 1.3608.
If
Thus, 1.3608 < ψ f < 5.3716.
Lyapunov Exponent Spectrums by Varying Parameters ψ f
According to Section 3, the basic parameters data of 2MW D-SPMSG are obtained from generator design; thereby, we obtain µ = 0.6, ϑ = 6.3776. Let parameters ψ f vary in some range, and the Lyapunov exponent spectrum of the system (24) with respect to magnetic flux linkage ψ f is displayed in Figure 3 . It indicates that the three Lyapunov exponents LE 1 , LE 2 , LE 3 are varying with parameters ψ f respectively, and thus the dynamical behaviors of the system (24) have complex changes along with the parameters ψ f . The stability of the system (24) is summarized as follows: 1. When ψ f ∈ (0, 5.32), we can obtain LE 1 < 0, LE 2 < 0 and LE 3 < 0. For instance, Figure 4 shows phase orbits, Poincaré map, time waveform and power spectrum with ψ f = 3.9, and the Lyapunov exponents are LE 1 = −0. 13 .83], we can obtain LE 1 = 0, LE 2 = 0 and LE 3 < 0. For instance, the phase orbits, Poincaré map, time waveform and power spectrum of the system (24) with ψ f = 13.44 are depicted in Figure 6 , LE 1 = 0, LE 2 = 0 and LE 3 = −6.3660. From Figure 6e , the frequency distribution is not as regular as ψ f = 14.2. The system exhibits quasi-periodic motion and results in the two-dimensional torus. 15] , we can obtain LE 1 > 0, LE 2 = 0 and LE 3 < 0. For instance, the system dynamical behaviors for ψ f = 10.5 of the system (24) are depicted in Figure 7 , LE 1 = 0.8357, LE 2 = 0 and LE 3 = −7.0830. The Poincaré map shows patches of dense points, there is a hierarchy dense point, and it has a hierarchical structure. Figure 7e shows a broadband noise-like power spectrum. Therefore, all these results indicate that the system exhibits chaotic motion and results in the chaotic attractor.
Therefore, according to the Lyapunov exponent spectrum in Figure 3 , Figures 4-7 with ψ f = 3.9, 14.2, 13.44, 10.5 show a variety of dynamic behavior characteristics of the four conditions in this section. The numerical simulation results indicate that the point ψ f = 5.32 is a critical point, and the D-SPMSG system is steady in the range of 0 < ψ f < 5.32. Thus, the system is unstable while ψ f exceeds 5.32. 
Bifurcation Diagram by Varying Parameters ψ f
The bifurcation map is used to analyze the dynamical characteristics of the nonlinear system as the system parameter varies. Bifurcation is the main route to chaos from a stable state. Figure 8 , the point ψ f = 5.32 is a critical point, which is the one of the occurrence of bifurcation. Apparently, as the magnetic flux linkage ψ f changes, the running state of the system changes accordingly, which demonstrates that the system is unstable while ψ f exceeds the critical value. 
Finite Element Analysis of D-SPMSG
According to the above discussion and analysis, a new kind of magnetic flux linkage optimization method is proposed. First, in order to facilitate the design and dynamic analysis, a new compact representation of the D-SPMSG equations is obtained in this method, and it is discussed in Section 2.2. Second, for the sake of having an optimum value of magnetic flux linkage, the nonlinear dynamic analysis about D-SPMSG with respect to magnetic flux linkage is discussed as described in Section 4. From the Lyapunov exponent spectrum in Figure 3 and the bifurcation diagram in Figure 8 , we can know that the system is increasingly unstable, as ψ f is increasing, but for the range 0 < ψ f < 5.32, the system is obviously steady. Third, in order to further determine an optimum value of magnetic flux linkage, the finite element analysis (FEA) of the D-SPMSG model mentioned in Section 3 will be studied in detail in this section, and also demonstrates the effectiveness of this method.
It is known that one representative method to optimize magnetic flux linkage is adjusting the size of the permanent magnet. Accordingly, if the value of the magnetic flux linkage is too small, magnetic flux density will be reduced, which will affect the performance of D-SPMSG to reach the operational requirements, and if the value of the magnetic flux linkage is too large, magnetic flux density will be saturated, and this will cause unstable operation, overheating and unit vibration of D-SPMSG. Therefore, in order for the generator to optimize performances, the value of the magnetic flux linkage is chosen as close as possible to the right open interval in the range 0 < ψ f < 5.32. Then, based on the finite element analysis (FEA) method and by using the electromagnetic field analysis software ANSYS Maxwell (Version 14.5), five cases of D-SPMSG model in Section 3 with different magnetic flux linkage are simulated, respectively. Remark 2. According to practical engineering experience, when the magnetic flux density is nearing saturation (B ≈ 1.6 T), the generator will achieve the optimal efficiency and performance.
• Case 1 and Case 2: Figures 9 and 10 show the nephogram of magnetic flux density and the corresponding waveform of magnetic flux linkage with ψ f ≈ 3.44 Wb and ψ f ≈ 4.47 Wb, respectively. We can observe the magnetic flux density B ≈ 1.2 T in Figure 9 and B ≈ 1.4 T in Figure 10 . Thus, this indicates that the performance of D-SPMSG is improving, as ψ f is increasing. However, low utilization ratio of generator material in these two cases results in a waste of permanent magnet material. • Case 3: The nephogram of magnetic flux density and the waveform of magnetic flux linkage at ψ f ≈ 5.16 Wb are shown in Figure 11 . It is obviously B ≈ 1.6 T; in other words, the magnetic flux density is nearing saturation. In this case, the saturation point of magnetic flux density at each stator-teeth and stator-yoke are discontinuous, that is to say, permanent magnets work at the optimal operating point, thus maximizing the utilization ratio of generator material and optimizing the performances. • The corresponding permanent magnet specifications and dimensions in the optimal Case 3, namely ψ f ≈ 5.16 Wb, are shown in Table 4 . The winding arrangements are shown in Table 5 . Therefore, the magnetic flux linkage optimization of D-SPMSG should not only consider the conventional optimization of power efficiency and empirical formula, but also needs to avoid the occurrence of unstable states based on the newly compact system Equation (24).
Conclusions
In this paper, we propose a novel method for magnetic flux linkage optimization of D-SPMSG based on a nonlinear dynamic theory. The method is through the use of the affine transformation to establish a compact representation of the D-SPMSG nonlinear dynamic differential equations, and the number of system parameters has been greatly reduced. Then, according to the practical design requirements, a 2D/3D model of 2MW D-SPMSG is designed. Subsequently, the nonlinear dynamical behaviors of the D-SPMSG system in the process of magnetic flux linkage variations are presented including dissipativity, equilibrium point and stability, Lyapunov exponent spectrums, phase orbits, Poincaré maps, time waveforms and bifurcation diagrams. The numerical simulation results indicate that the D-SPMSG system is steady in the range of 0 < ψ f < 5.32. Eventually, considering the generator for optimum performance, the value of the magnetic flux linkage is chosen as close as possible to the right open interval in the stable range. Five cases of D-SPMSG models with different magnetic flux linkages are simulated by using the finite element analysis (FEA) method, and all of the results demonstrate the correctness and effectiveness of the proposed approach.
